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Appendix B. An extension of the discrete model with two

populations

An extension of the analysis for two populations of the discrete system from Ch. 2, section
2.6.2 is presented in this appendix. Consider a system of n populations with values A, A,
. A With A; <Ao< ...< Ay and evenly spaced with A-step AL. Suppose these populations are

affecting each other through competition and no other population are affecting them. The

system is
dF; _ AS. (1) R =
@y (M)ZS (©)
5 _ F(t)-CAS, ()=
dz'

where g; is a function of F,, ..., Fy, S, ..., Sn.
Let f., si, f>, So, ..., fun and s, be the steady state solutions. Then, the possible steady states for
this system are the trivial steady state { f,,s,, f,,5,,...., f,.5,} =1{0,...,0} and
f: #0,s, #0, fori=i,i,,...,j, withl <k <n,
b S b b S EAARS] b s = . .
e A R A RV

In the non-zero steady state

P
L+ (AA)(s; +5, +.ts, ) =—
C
P
L+ (AA)(s; +5, +.. s, )—?
E,
1+ (AA)(s;, +5, +..F 5, )_F
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This is only possibleif £, =P, =..=F,_.Say f,=F =F =..=F .Inthat case the
populations can coexist, and their values are determined by the initial conditions and by
the relationship

5
1+(A/1)(Si. +5, +...+sik):E (B.1)

and therefore

1 (R - . o
S, Fs, Fots, = (A—/D(EO - 1] . This is the only constraint, and having picked the values

of s;, fi can be found by

For the linear stability analysis, first consider the case when B, =F =P, =...= P, ,i.e. all

peaks have the same value of P,, and they all survive. A short description of the linear
stability analysis is presented in Appendix A, section A.0.

The Jacobian matrix is defined by

a, of, df, Os, os,
9, 98, . 98, 98, . 9%,
M= a, df, df, 9s, ds,
E I TR
daf, df, 9s, ds,
oh, oh, oh,  Oh,
| of; df, Os, ds, |
where
oh, oh, .. oh oh, L
a—ﬁzﬁ),i:OWhenl;ﬁ],a—hv:Z—C/i,»,a—%=0,Whenlij,
g—f{z—l,%:OWheniij.

J
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. og.
On the other hand % and 280 (when i # j) are more complicated, so leave them as they

S, s
are for now.
i nxn % agl i
-1 0 s ds,
0 19 9%,
M = ds, ds,
P, 0 —CA 0
0 P, 0 —CA,
This can be transformed into
1 0 % .. [
. os, os,
0 —1 9% 9%,
0s, os,
og og og
. —CA+pP =L p=oL p ==L
M= .- .- 0 & “as, " 0s, * s,
.. : P, &
. . . os,
. * . . I_:(.] agn—l
° ° ° asn
0 -0 p %% . p9& po
i os, os, , ds, |

This can be achieved by multiplying the first row of M by P,, and subtract from row (n+1),

then multiply the second row by P, and subtract from row (n+2), etc.

Now, det M =det M~ = (det B)(det C) (B.2)

where

143



Elizaveta Pachepsky 2001. PhD Thesis.

Why it takes all kinds: diversity mechanisms and patterns in ecological communities

B= and det B=(-1)"
0 -1
\_ﬁf——/
and
| g, 598 dg
—CA+P =L p=L B
Atk ds, ' 0s, * 0s,
p %%
os,
C= 3
})0 gn—l
os,
p, 2 2 o ap
| os, s, , s,

Consider the expressions in the matrix C

%, (1+(Aﬂ); sij/L — 5,4 (AA)

1+(Aﬂ)(ism —s,

%5 A Y
’ (1+(Al)2sl} (1+(A/1)Zsij
i=1 i=1
For i#j
9%, __,  (Abs, 2
ds

! (1+(M)an si]

Using (B.1)
1+ (Aﬂ)(i s,)= %

(B.3) and (B.4) can be rewritten as

ag C2 (ﬂ j
—t=1—|1+(A1 =, d
ds, ’POZ( (A0 ;Sm v
dg, C’?
a_fl:_/ii?(Aﬂ)si‘

J 0
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From each term CA; can be factored out.

Then detC = (H&.jdet o
i=1

where
, C <
C, = —1+—(1+(A/1)(2sm -, D
P() m=1
and

, C
Czj = —F (Al)sl

0

where i#j.

. . C .
For convenience, let C' =— and s, =(AA)s;.
0

Then

C, :—1+C*(1+(2s; —siD
m=1

and

C, = —C*sj

(B.6)

For clarity of notation omit the subscripts *, and call the new matrix E.

—1+C(1+(2SW—S1J] —Cs,
m=1

—Cs,

Subtract column 2 from column 1
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~1+ C(l + [z 5, — sln +Cs, ~Cs, ~Cs,
m=1

el e g

0

: : - —Cs,

0 —Cs, o =Cs, -1+ C{1+(2sm —s, D
m=1

or

—1+C(1+Zsmj —Cs, ~Cs,
m=1
1—C(1+2smj —1+C(1+(Zsm—szn

m=1 m=1

0
: _Csnfl

0 —Cs, v =Cs, —1+C(1+(2sm—snjj
m=1

Subtract column 3 from column 2, column 4 from column 3, ..., column n from column n-

1.

—1+C(1+ism) 0 0 —Cs,
m=1
1—C(1+Zn:smj —1+C(1+Zn:smj
m=1 m=1

0 1—C(1+ismj 0
m=1
—1+C(1+Zn:sm] —Cs,_,

m=1
0 0 0 1—C(1+Zsm] —1+C(1+(Zsm—sn]j
m=l1 m=1

Diagonalise this matrix by adding row 1 to row 2,
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—1+C(1+Zsm] 0 0 —Cs,
m=1
0 —1+C(1+2st : —Cs, — Cs,
m=1

0 1—C(1+ist 0
m=1
—1+C(1+Zn:smj —Cs,_,

m=1
0 0 0 1—C(1+2smj —1+C(1+(Zsm—snn
m=1 m=1

then add row 2 to row 3, row 3 to row 4, etc.

—1+C(1+Zsm] 0 0 —Cs,
m=1

0 —1+C(1+Zn:sm] : —Cs, — Cs,
m=1
0 0 0
—1+C(1+Zn:sm] —CnZISm
m=1 m=1
0 0 0 0 —1+C(1+(ism—ismn
m=1 m=1
z;nd therefore,
_—1+C(1+Zn:st 0 0 —Cs, |
m=1
0 —1+C(1+Zn:sm] : —Cs, —Cs,
m=1
0 0 0
—1+C(1+ismj —Clism
m=1 =l
i 0 0 0 0 -1+C |

Call the resulting matrix E’. Now,

detE:detE'z(—1+C[1+Zn:smB 1-0). (B.7)

m=1
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Note that since (B.6), Cin (B.7) actually stands for %, and sn stands for (A/l) s, .
0

Therefore,

n-1
det E=det E' = (—1+£(1+(Al)z sm]j a-
P i P

0 0

But from (B.5)

2 P
1+(AHQ s, =2
m=l C
and therefore,
n—1
detE=detE = —1+Ei (1—£):0.
F C K

Therefore, coming back to (B.2)
detM =0.
This means that the stability cannot be determined for steady state where populations for

all A; are non-zero.
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