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Appendix A. Linear stability analysis

The system in question is
OF __joH 1
a7 oA H(A,7)

2
_OH  poaran+call
Py )

-F(A,7)
(A.1)

Put H (4,7)= h(/i)+lu1(/1,1') and F(A,7)= f(/i)+}(/1,2') where (0, 1) and (f, h) are

steady states.

Expanding (A.1) about the steady state gives

(A.2)

A.1 Steady state (0, 1)

In this case, (A.2) becomes

0 0
8f:_/18h(/1,z') u1 —]D‘(/LT)
7 A 1rn(Ar)

a
:P]Ef(/l,r)+C/Ig—:

9 h
PV

This can be expressed as

[1+Z(ﬂ,f)}aa—z_€=—ﬂa;lgj’f)—(1+;1(/1,T)j]u”(/1,1')
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a
:P]Df(/l,r)+clg—:

¥h
014

0 0
and retaining terms to O (k) and O(f)

0 0
of dh v
9~ 22" ¢(a0)
7T D oA D (A.3)
0> h 0 oh
- =Pf(A, CA—
A Gy,
O
Substituting & = oh into (A.3)
Jf 0
L =—h - f(A, A.
. f(4.7) (A.4)
g—h =-P ]uf (A,7)-CAh (A.5)
T

Differentiating (A.5) with respect to time,

Ph 9f .o

o7’ oT oT
and substituting (A.4),
o’h .0 oh
=—P|-Ah - f(A,7) |-CA—

|- - r (1.7)|-ca S
or
o’h , O oh
Py +P[—/1h —f(/l,r)}+c/1¥:0 (A.6)
where

" 10h C, .
—f=——+—A1h

/ Por " P
then (A.6) becomes
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-
ah K +la—h+c/lh +Cﬂa—h:

82’ Por P or
or

.

Oh —/th+C/lh +a—h+Cla—h:

7’ o7 oT
and therefore,

o*h oh

+(1+CA)—+(C-P)Ah =0 A.

o7’ +( )ar ( ) A7)

Similarly, differentiating (A.4) with respect to time

and substituting (A.5) gives

s [Pf C/lh} %f

o7’ T

From (A.4)

-/uz'_aaf+f(M)

Therefore,

8f__ 0 af _df
Py A Pf+Ca +Cf( 7)

or

azf+/1f(C P)+ aa£+/1c f =0

o7’ or
and therefore,
0
azf Jf y
+(1+CA +(C-P)Af=0 A8
SLrgrenSl(c-rars (48)
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The characteristic polynomial for (A.7) and (A.8) is

m’ +(1+CA)m+A(C-P)=0
When

with roots given by

m:%[—(1+c/l)i\/(1+C/1)2—4/1(C—P)}

Now the radical is

(1+CA)’ —44(C-P)
=142CA+C*A* —4CA+4AP
=1-2CA+C*A* +4AP

Withwith ~ =(1-CA)" +44P >0

Therefore, roots are real.
Roots are negative definite iff
1+CA>0 (true)
and C-P>0
Therefore, the system is linearly stable (exponentially) provided P/C < 1.
Therefore, (0, 1) is a stable node if P/C < 1. It is sufficient to show that f=o0 is stable,

since if there are no flowers, the seeds cannot be produced.

Note that even is we prove stability for i, e.g. suppose i’ =¢ " g (A1) then

h= jh'd A=e"" I g(A)dA+q(A) where g(4) is arbitrary so h does not necessarily

tend to zero if h’ does. However, since f=0 implies that s=0 we must have g(A)=o0.

A.2 Steady state (f, h)

In this case P/Cis a function of A4, otherwise f=o0.

From equation (A.2),
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0 ﬁ__ i 0 B 0 0
(h+hj 3 ’laz(}”h) (h+h)(f+fj

and

0
_d’h
011

Linearise the system to get

_ 0 i 0
_P(f+fj+Claﬂ(h+h)

0

af a 0 0 0
——=—A—|h+h|-Wf—-hf—-fh A.
57 8/1( +j f —hf—f (A.9)

Zu ] 0
_aara}/li :P(f+f)+c/1%(h+hj (A.10)
Dividing (A.10) by C gives

0
2

_1oh :z(f+j‘j+ﬂi(h+;zj

CidwiA C oA
and setting

P

A)=—,
r(A)=-

1 0%h oA,
- = A—| h+h A.
C 92 p(f+f)+ az( * j (A1)
In the steady state, h=p and f = —&d—p .

pdA

Using these results in (A.9) and (A.11) gives

0

of 8( Uj Adp) Y Adp)\"
9~ Q2 panl|-p| 2L |—p| L2 |
o= a\lt ‘{ pdA pai) !t

2u
Loh p[—id—p+;j+ﬂ,i(p+;lj

“coor P\ paa oA
Simplifying
0 0

dof dp Oh dp Adp? ©
——=-A —+— [+ A—+——h—

Pz [cm a,z] i pan
1 azlua dp - dp alua

L L i AP 220
comi- Attt 0
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af oh JAdp,

~ pf
e =" d/l (A12)

]
Substituting for p f+ /13—/1 in the first equation of (A.12) using the second equation

gives

af 1 9%h JAdp,
82’ Caz'a/i pdA

Ry (A.13)

Now, the second equation in (A.12) can be rewritten as

]
0 182 oh
l_
Pr==comr o

and differentiating with respect to t gives

) af 1o @
Par =" comr Toma
Using this in (A.13) gives

] 0 ]

3 2 2
lazh+lah+lah+i_dp;l:
Co WA 0J0Adr COIwWA pdAi

First equation in (A.12) can be rewritten as

af __Adh, Adp,

_ton ey

ot pa/i p>dA
ie.

0 0

313 1dp,|

0T pod p*dA
ie.

f 0

ar_,oln]

oT oAl p
and finally,

af o aln

Of L4911 A
ar TRl (A.14)
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0
Look for separable solutions to (A.14) of the form 7 =¢”L(A), then (A.14) can be

rewritten as

y or
al.p}:-ii{e L:|
o7

oA| p
ie.
y 0
%—£+f =u(A)e” (A.15)
where

(s

with solution
Toward

for v some arbitrary function of A and o #—1.
If 6 =—1 then (A.15) is
af
0
—+f=u(d)e”
ot/ =u(l)

with solution

0

f=teu(A)+v(A)e”

0 0 0 0
i.e. f and h — 0 when 7 — oo which implies stability of f and & for 6 =-1.

Now, consider the consequences for F and H.
Note that

0 1
H=p+h=p+e L(A)=1+]s(L,7)dl

A

Differentiating with respect to A

and in the limit 7 — o, we have

%:-s(z,@)

Since s(ﬂ,rw)>0v/1:>5—i<0. (A.16)

If 6 #1, then
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f= S u(D)+v(De

where u(i):—li[£j
dA\ p

and

h=e*L(1)

with arbitrary v(4).

Now, the second equation of (A.12) can be written as

ot
ar _ id Lle +pv(/1)e&+/1€&£
p)o+1 dA

1
—— 5 =
c’ a1 "

Lsdl o p L 4L )29 o
c’ar s p A

dL dp

p L
(l§+lj£+pv(l)— PA | " dA . dA|_y
C dA o+1 p

5 dL A 4L dp
—+A|(d+])—+(F+1 A)—-=| p—-L—|=0
Sid)@ et a4 p o1

(5 dL A dp
—4+A|(0+1)=A|—+(I+1 A)+—L—=0
(2+a)orn-a| s mized il

AL (s+1)po(2)+ 2L g

[ e2
S it liaoa| L
C C dA p dA

(5+1) pr(A)+ 2L~

dL
—+
d p dA

152+/15+l5}
C C A

l52+(ﬂ+lj5 l£+w+id_p:() (A]_7)
C c)’)taxt L(a)y  pax

Return to consider possible forms of v(4)

ot

o+1
where 0 #—1

;‘:

u(A)+v(d)e”

or
Now, since 0 #—1 => ]DC: ¢ u(/i) 1+(5+1)V(/1) e—(1+6)r
o+1 u(A)
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ot

u
o+1

0
Ifd>-1land 7 —>oo, f=

(4)

0
If §<—1 => f=v(A)e"as 7 — coand this is stable for 5—3 <0 from equation (A.16).

Therefore, o < —1 gives rise to stable solutions.

Now consider 0 >—1.

0 e51'
Then f = 511
+

u(A) for large .

Substituting this into the second equation of (A.12) gives a simple form of equation
(A.17), i.e.

p dA
5{—+/1+—}= p l@zw(ﬂ)
LdA
but L(A) is still arbitrary since w(A) can be positive or negative.
If w(A)>0=6>0 or §<—-cA-1.
But & > -1 and therefore, w(4)>0=J>0.

If w(d)<0=—(cA+1)<d<0.

But 0 <—1 and therefore, 1< <0.
Therefore, dependently on the form of L(4), it is possible that J >0, and therefore, the
system may not be stable. Therefore, L(4) needs to be constrained with additional

boundary conditions. At present, it is not clear what these should be.
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